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Abstract
Let L be a Lie algebra over arbitrary field k with dim L =3 and dim L′ =2.
All solutions of constant classical Yang- Baxter equation (CYBE) in Lie algebra L
are obtained and the necessary conditions which (L, [ ],∆r, r) is a coboundary ( or
triangular ) Lie bialgebra are given.
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1 Introduction
The concept and structures of Lie coalgebras were introduced and studied by W. Michaelis
in [6, 7]. V.G.Drinfel’d and A. A. Belavin in [1, 2] introduced the notion of triangular,
coboundary L associated to a solution r ∈ L⊗L of the CYBE and gave a classification of
solutions of CYBE with parameter for simple Lie algebras. W.Michaelis in [5] obtained
the structure of a triangular, coboundary Lie bialgebra on any Lie algebra containing
linearly independent elements a and b satisfying [a, b] = αb for some non-zero α ∈ k by
setting r = a⊗ b− b⊗ a.
The Yang-Baxter equation first came up in a paper by Yang as factorition condition of
the scattering S-matrix in the many-body problem in one dimension and in work of Baxter
on exactly solvable models in statistical mechanics. It has been playing an important role
in mathematics and physics ( see [1, 9]).Attempts to find solutions The Yang- Baxter
∗This work is supported by National Science Foundation (No:19971074)
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equation in a systematic way have let to the theory of quantum groups. The Yang-
Baxter equation is of many forms. The classical Yang- Baxter equation is one.
In many applications one need to know the solutions of classical Yang- Baxter equation
and know if a Lie algebra is a coboundary Lie bialgebra or a triangular Lie bialgebras.
A systematic study of low dimensional Lie algebras, specially, of those Lie algebras that
play a role in physics( as e.g. sl(2, C), or the Heisenberg algebra ), is very useful.The
author [10, 11] obtained all solutions of constant classical Yang- Baxter equation (CYBE)
in Lie algebra L and give the sufficient and necessary conditions which ( L, [ ],∆r, r )is a
coboundary ( or triangular) Lie bialgebra with dim L ≤ 3 except the below case : L is
a Lie algebra over arbitrary field k with dim L =3 and dim L
′
= 2 .We shall resolve the
problem in this paper.
All of the notations in this paper are the same as in [10].
If k is not algebraically closed, let P be algebraic closure of k. we can construct a Lie
algebra LP = P ⊗ L over P , as in [3, Section 8].
By [3, P11–14], we have that
Lemma 1.1 Let L be a vector space over k. Then L is a Lie algebra over field k
with dim L =3 and dim L
′
= 2 iff there is a basis e1, e2, e3 in L such that [e1, e2] =0,
[e1, e3] = αe1 + βe2, [e2, e3] = γe1 + δe2, where α, β, γ, δ ∈ k, and αδ − βγ 6= 0.
In this paper, we only study the Lie algebra L in Lemma 1.1. Set A =

 α γ
β δ

 . Thus
A is similar to

 λ1 0
0 λ2

 or

 λ1 0
1 λ1

 in the algebraic closure P of k. Therefore, there
is an invertible matrix D over P such that AD = D

 λ1 0
0 λ2

, or AD = D

 λ1 0
1 λ2

.
Let Q =

 D 0
0 1
λ1

 and (e′
1
, e
′
2
, e
′
3
) = (e1, e2, e3)Q. By computation, we have that
[e
′
1
, e
′
2
] = 0, [e
′
1
, e
′
3
] = e
′
1
+ β
′
e
′
2
, [e
′
2
, e
′
3
] = δ
′
e
′
2
, where β
′
= 0 and δ
′
= λ1
λ2
when A is similar
to

 λ1 0
0 λ2

; β ′ = 1
λ1
and δ
′
= 1 when A is similar to

 λ1 0
1 λ1

. Let Q = (qij)3×3
and Q−1 = (q¯ij)3×3. If r =
∑
3
i,j=1 kij(ei ⊗ ej) =
∑
3
i,j=1 k
′
ij(e
′
i ⊗ e
′
j), where kij ∈ k, k
′
ij ∈ P
for i, j =1, 2, 3, then
k
′
ij =
3∑
m,n
kmnqimqjn and kij =
3∑
m,n
k
′
mnqimqjn
for i, j = 1, 2, 3. Obviously, k33 = k
′
33
.
Lemma 1.2 (i) ki3 = k3i, for i =1, 2, 3 iff k
′
i3 = k
′
3i for i = 1, 2, 3;
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(ii) ki3 = −k3i for i =1, 2, 3 iff k
′
i3 = −k
′
3i for i =1, 2, 3;
(iii) kij = kji for i, j =1, 2, 3 iff k
′
ij = k
′
ji for i, j = 1, 2, 3;
(iv) kij = −kji for i, j =1, 2, 3 iff k
′
ij = −k
′
ji for i, j =1, 2, 3.
Proof (i) If k
′
i3 = k
′
3i for i =1, 2, 3, we see that
ki3 =
3∑
m,n
k
′
mnqimq3n
=
3∑
m
k
′
m3qimq33 ( since q31 = q32 = 0)
=
3∑
m
k
′
3mqimq33 ( by assumption)
=
3∑
m
k
′
3mq33qim
=
3∑
m,n
k
′
mnq3nqim
= k3i.
Therefore, ki3 = k3i for i =1, 2, 3. The others can be proved similarly. ✷
2 The solutions of CYBE with char k 6= 2
In this section, we find the general solution of CYBE for Lie algebra L with dim L =3
and dim L′ = 2, where char k 6= 2.
Theorem 2.1 Let L be a Lie algebra with a basis e1, e2, e3 such that [e1, e2] =0,
[e1, e3] = αe1 + βe2, [e2, e3] = γe1 + δe2, where α, β, γ, δ ∈ k, and αδ − βγ 6= 0. Let
p, q, s, t, u, v, x, y, z ∈ k. Then r is a solution of CYBE iff r is strongly symmetric, or
r = p(e1⊗e2)+q(e2⊗e1)+s(e1⊗e3)−s(e3⊗e1)+u(e2⊗e3)−u(e3⊗e2)+x(e1⊗e1)+y(e2⊗e2)
with s(2αx+ γ(p + q)) = u(2δy + β(q + p)) = u(2αx + γ(q + p)) = s(2δy + β(q + p)) =
(α−δ)us+γu2−βs2 = s(2γy+2βx+(α+ δ)(q+p)) = u(2γy+2βx+(α+ δ)(p+ q)) = 0.
Proof Let r =
∑
3
i,j=1 kij(ei ⊗ ej) ∈ L ⊗ L, and kij ∈ k, with i, j =1, 2, 3. By
computation, for all i, j, n =1, 2, 3, we have that the cofficient of ej ⊗ ei ⊗ ei in [r
12, r23]
is zero and the cofficient of ei ⊗ ei ⊗ ej in [r
13, r23] is zero.
We can obtain the following equations by seeing the cofficient of ei⊗ej⊗en in [r
12, r13]+
[r12, r23] + [r13, r23], as in [10, Proposition 2.6]. To simplify notation, let k11 = x, k22 =
y, k33 = z, k12 = p, k21 = q, k13 = s, k31 = t, k23 = u, k32 = v.
(1) −αsx+ αxt− γsq + γpt = 0;
(2) −βup+ βqv − δuy + δyv = 0;
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(3) −αvs+ αpz − γuv + γyz − βs2 + βxz − δsu+ δzp = 0;
(4) −βxz + βst− δzq + δut− αut+ αqz − γuv + γyz = 0;
(5) −αzp + αtv − γzy + γuv − βzx+ βts− δzp + δvs = 0;
(6) −αzp + αsv − γzy + γuv − βst+ βxz − δsv + δzp = 0;
(7) −βzx + βtt− δzq + δvt− αzq + αtu− γzy + γuv = 0;
(8) −βst + βxz − δtu+ δqz − αus+ αqz − γuu+ γyz = 0;
(9) −αtp + αxv − γty + γqv − αsp+ αvx− γsy + γpv = 0;
(10) −αux+ αqt− γuq + γyt− αux+ αqs− γup+ γys = 0;
(11) −αst + αxz − γtu+ γqz − αs2 + αxz − γsu+ ypz = 0;
(12) −αzx + αtt− γzq + γvt− αzx+ αst− γzp + γvs = 0;
(13) −βvx+ βpt− δvq + δyt− βux+ βqt− δuq + δyt = 0;
(14) −βsp− βxv − δsy + δpv − βsq + βxu− δsy + δpu = 0;
(15) −βvs+ βpz − δvu+ δyz − βsu+ βzq − δu2 + δyz = 0;
(16) −βzp + βtv − δzy + δvv − βzq + βtu− δzy + δvu = 0;
(17) −γzq + γut− γsv + γpz = 0;
(18) −αvx+ αpt− γvq + γyt− βsx+ βxt− δsq + δpt− αsq + αxu− γsy + γpu = 0;
(19) −βpt+ βvx− δty + δqv− αup+ αqv − γuy + γyv− βux+ βqs− δup+ δys = 0;
(20) −βzp + βsv − δzy + δuv − βut+ βqz − δuv + δyz = 0;
(21) −βzs + βtz − δzu + δvz = 0;
(22) −αzs + αtz − γzu+ γvz = 0;
It is clear that r is a solution of CYBE iff (1)-(22) hold.
By simple computation, we have the sufficiency. Now we show the necessity, If k33 6= 0,
then k
′
33
6= 0′ and so r is a strongly symmetric element in LP ⊗ LP by [10, The proof of
Proposition 1.6 ]. Thus r is a strongly symmetric element in L ⊗ L. If k33 =0, then k
′
33
=0. By [10, Proposition 1.6], we have that k
′
i3 = −k
′
3i for i =1, 2, 3, which implies that
ki3 = −k3i for i =1, 2, 3 by Lemma 1.2.
It immediately follows from (1)-(22) that
(23) s(−2αx− γ(q + p)) = 0;
(24) u(2δy + β(q + p)) = 0;
(25) γu2 − βs2 + (α− δ)us = 0;
(26) u(2αx+ γ(q + p)) = 0;
(27) s(2δy + β(q + p)) = 0;
(28) 2αux− 2γys− 2βxs+ (−s(α + δ) + γu)(q + p) = 0;
(29) −2βux+ 2δys− 2γuy + (−u(α + δ) + βs)(q + p) = 0;
By (26), (27), (28) and (29), we have that
(30) s(2γy + 2βx+ (α + δ)(q + p)) = 0;
(31) u(2γy + 2βx+ (α+ δ)(p+ q)) = 0. ✷
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Example 2.2 Let L be a Lie algebra over real field R with dim L =3 and dim L
′
= 2.
If there is complex characteristic root λ1 = a + bi of A and the root is not real, then
r ∈ L ⊗ L is a solution of CYBE iff r is strongly symmetric, or r = p(e1 ⊗ e2) + q(e2 ⊗
e1) + x(e1 ⊗ e1) + y(e2 ⊗ e2) for any p, q, x, y ∈ R.
Proof. There are two different characteristic roots: λ1 = a+bi and λ2 = a−bi, where
a, b ∈ R, Thus A must be similar to

 a b
−b a

. By Theorem 2.1, we can complete the
proof. ✷
3 The solutions of CYBE with char k =2
In this section, we find the general solution of CYBE for Lie algebra L with dim L =3
and dim L
′
= 2, where char k =2.
Theorem 3.1 Let L be a Lie algebra with a basis e1, e2, e3 such that [e1, e2] =0,
[e1, e3] = αe1 + βe2, [e2, e3] = γe1 + δe2, where α, β, γ, δ ∈ k, and αδ − βγ 6= 0. Let
p, q, s, t, u, v, x, y, z ∈ k and A =

 α γ
β δ

.
(I) If two characteristic roots of A are equal and A is similar to a diagonal matrix in
the algebraic closure P of k, then r is a solution of CYBE in L for any r ∈ L⊗ L;
(II) If the condition in Part (1)does not hold, then r is a solution of CYBE in L iff
r = p(e1⊗ e1)+p(e2⊗ e1)+ s(e1⊗ e3)+ s(e3⊗ e1)+u(e2⊗ e3)−+u(e3⊗ e2)+x(e1⊗ e1)+
y(e2⊗e2)+z(e3⊗e3) with αus+αpz+γu
2+γyz+βs2+βxz+δsu+δzp = 0 and z 6= 0; or
r = p(e1⊗e2)+q(e2⊗e1)+s(e1⊗e3)+s(e3⊗e1)+u(e2⊗e3)+u(e3⊗e2)+x(e1⊗e1)+y(e2⊗e2)
with sγ(p + q) = uβ(p + q) = uγ(p + q) = sβ(p + q) = (α + δ)us + γu2 + βs2 =
s(α + δ)(p+ q) = u(α+ δ)(p+ q) = 0.
Proof We only show the necessity since the sufficiency can easily be shown. By
the proof of Theorem 2.1, there exists an invertible matrix Q such that (e
′
1
, e
′
2
, e
′
3
) =
(e1, e2, e3)Q and [e
′
1
, e
′
2
] = 0, [e
′
1
, e
′
3
] = e
′
1
+ β
′
e
′
2
, [e
′
2
, e
′
3
] = δ
′
e
′
2
. We use the notations
before Lemma 1.2. By [11, Proposition2.4], k
′
i3 = k
′
3i for i =1, 2, 3, which implies that
k3i = ki3 for i =1, 2, 3 by Lemma 1.2.
(I) If A is similar to

 λ1 0
0 λ1

, then β ′ = 0 and δ′ = 1. By [11, Proposition 2.4], we
have Part (I).
(II) Let A be not similar to

 λ1 0
0 λ1

.
(a). If z 6= 0, then k
′
33
6= 0 T˙hus k
′
12
= k
′
21
by [11, Proposition 2.4], which implies
k12 = k21. It is straightforward to check that relation (1)-(22) in the proof of Theorem
2.1 hold iff αus+ αpz + γu2 + γyz + βs2 + βxz + δsu+ δzp = 0.
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(b). If z =0, then we can obtain that r is the second case in Part (II) by using the
method similar to the proof of Theorem 2.1. ✷
4 Coboundary Lie bialgebras
In this section, using the general solution, which are obtained in the section above, of
CYBE in Lie algebra L with dim L =3 and dim L
′
=2, we give the sufficient and necessary
conditions which ( L, [ ],∆r, r ) is a coboundary (or triangular)Lie bialgebra.
Theorem 4.1 Let L be a Lie algebra with a basis e1, e2, e3 such that [e1, e2] =0,
[e1, e3] = αe1 + βe2, [e2, e3] = γe1 + δe2, where α, β, γ, δ ∈ k, and αδ − βγ 6= 0. Set
A =

 α γ
β δ

. Let p, u, s ∈ k, r ∈ Im(1 − τ) and r = p(e1 ⊗ e2) − p(e2 ⊗ e1) + s(e1 ⊗
e3)− s(e3 ⊗ e1) + u(e2 ⊗ e3)− u(e3 ⊗ e2). Then
(I) ( L, [ ],∆r, r ) is a coboundary Lie bialgebra iff
(s, u)

 βδ + αβ −βγ − α
2
δ2 + γβ −δγ − γα



 s
u

 = 0;
(II) If two characteristic roots of A are equal and A is similar to a diagonal matrix
in the algebraic closure P of k with char k =2, then ( L, [ ],∆r, r ) is a triangular Lie
bialgebra for any r ∈ Im(1− τ);
(III) If the condition in Part(II) does not hold, then( L, [ ],∆r, r ) is a triangular Lie
bialgebra iff −βs2 + γu2 + (α− δ)us = 0.
Proof We can complete the proof as in the proof of [10, Theorem 3.3]. ✷
Example 4.2 Under Example 2.2, and r ∈ Im(1− τ), we have the following :
(I) ( L, [ ],∆r, r ) is a coboundary Lie bialgebra iff r = p(e1⊗ e2)− p(e2⊗ e1) + s(e1⊗
e3)− s(e3 ⊗ e1) + u(e2 ⊗ e3)− u(e3 ⊗ e2) with a(s
2 + u2) = 0;
(II) ( L, [ ],∆r, r )is a triangular Lie bialgebra iff r = p(e1 ⊗ e2)− p(e2 ⊗ e1).
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